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In ࢤ	࡭࡮࡯: 
෍ࢇ૛ ≥෍(࢈ − ࢉ)૛ + ૝ࡿඨ૛(૛ࡾ − ࢘)
ࡾ
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Solution 1 by Kevin Soto Palacios – Huarmey – Peru  
Probar en un triángulo ࡭࡮࡯ 
෍ࢇ૛ ≥෍(࢈ − ࢉ)૛ + ૝ࡿඨ૛(૛ࡾ − ࢘)
ࡾ
 
Tener en cuenta las siguientes identidades 
ࢇ࢈ = ૛ࡿ ܋ܛ܋࡭, 
࢈ࢉ = ૛࢙ ܋ܛ܋࡭, 
ࢉࢇ = ૛ࡿ ܋ܛ܋࡮, 
ࢇ૛ + ࢈૛ + ࢉ૛ = ૝ࡿ(܋ܗܜ࡭ + ܋ܗܜ࡮ + ܋ܗܜ࡯) 
Si → ࡭
૛
+ ࡮
૛
+ ࡯
૛
= ࣊
૛
↔ ࢞࢟ + ࢟ࢠ + ࢠ࢞ = ૚ ↔ ࢞ = ܜ܉ܖ ࡭
૛
,࢟ = ܜ܉ܖ ࡮
૛
, ࢠ = ܜ܉ܖ ࡯
૛
 
La desigualdad es equivalente 
૛(ࢇ࢈ + ࢈ࢉ + ࢉࢇ) − (ࢇ૛ + ࢈૛ + ࢉ૛) ≥ ૝ࡿඨ૝ − ૛࢘
ࡾ
 
૝ࡿ൫(܋ܛ܋࡭ − ܋ܗܜ࡭) + (܋ܛ܋࡮ − ܋ܗܜ࡮) + (܋ܛ܋࡯ − ܋ܗܜ ࡯)൯ ≥ ૝ࡿඨ૝ − ૛࢘
ࡾ
 
 AINÂMOR NID ECITAMETAM EȚNIITȘ ED AETATEICOS
 YTEICOS LACITAMEHTAM NAINAMOR
  
 hcnarB ițnideheM - ițnideheM alailiF
 or.hmrmss.www
 
ܖ܉ܜ ⇔
࡭
૛
࡮ܖ܉ܜ +
૛
࡯ܖ܉ܜ +
૛
− ૝ඨ ≥
࢘૛
ࡾ
 
૛ܖ܉ܜ ⇔
࡭
૛
࡮૛ܖ܉ܜ +
૛
࡯ ૛ܖ܉ܜ +
૛
࢘૛ +
ࡾ
࡭ ૛ܖ܉ܜ =
૛
࡮૛ܖ܉ܜ +
૛
࡯ ૛ܖ܉ܜ +
૛
࡭ ܖܑܛ ૡ +
૛
ܖܑܛ
࡮
૛
ܖܑܛ
࡯
૛
 ૛ ≥
 etneiugis al elpmuc es ,ࢠ࢟࢞ olugnáirt nu ne ℝ ∈ ࢖,࢔,࢓ :iS )1
 :dadlaugised
 ࢠ ܛܗ܋࢔࢓૛ + ࢟ܛܗ܋࢓࢖૛ +࢞ ܛܗ܋ ࢖࢔૛ ≥ ૛࢖ + ૛࢔ + ૛࢓
࢞ ܖ܉ܜ = ࢓ :odneiS
૛
࢟ ܖ܉ܜ = ࢟,૙ >
૛
ࢠ ܖ܉ܜ = ࢠ ,૙ >
૛
 :atluser ,૙ >
૛ܖ܉ܜ
࢞
૛
࢟ ૛ܖ܉ܜ +
૛
ࢠ ૛ܖ܉ܜ +
૛
ܖ܉ܜ૛ ≥
࢟
૛
ܖ܉ܜ
ࢠ
૛
ࢠ ܖ܉ܜ ૛ +࢞ ܛܗ܋
૛
ܖ܉ܜ
࢞
૛
࢞ܖ܉ܜ ૛ +࢟ܛܗ܋
૛
ܖ܉ܜ
࢟
૛
 ࢠ ܛܗ܋
૛ܖ܉ܜ
࢞
૛
࢟ ૛ܖ܉ܜ +
૛
ࢠ ૛ܖ܉ܜ +
૛
ܖ܉ܜ૛ ≥
࢟
૛
ܖ܉ܜ
ࢠ
૛
ࢠ ܖ܉ܜ ૛ +࢞ ܛܗ܋
૛
ܖ܉ܜ
࢞
૛
࢞ܖ܉ܜ ૛ +࢟ܛܗ܋
૛
ܖ܉ܜ
࢟
૛
 ࢠ ܛܗ܋
 euq someraborP
ܖ܉ܜ ૛
࢟
૛
ܖ܉ܜ
ࢠ
૛
ࢠ ܖ܉ܜ ૛ + ࢞ ܛܗ܋
૛
ܖ܉ܜ
࢞
૛
࢞ܖ܉ܜ ૛ +࢟ ܛܗ܋
૛
ܖ܉ܜ
࢟
૛
࢞ ܖܑܛ ૡ − ૛ = ࢠ ܛܗ܋
૛
ܖܑܛ
࢟
૛
ܖܑܛ
ࢠ
૛
 
ܖ܉ܜቀ૛ ⇔
࢟
૛
ܖ܉ܜ
ࢠ
૛
ࢠ ܖ܉ܜቀ ૛ +࢞ ܛܗ܋ቁ૚ −
૛
ܖ܉ܜ
࢞
૛
࢞ܖ܉ܜቀ ૛ +࢟ܛܗ܋ ቁ૚ −
૛
ܖ܉ܜ
࢟
૛
 )ࢠ ܛܗ܋ + ࢟ ܛܗ܋ + ࢞ ܛܗ܋(૛+ + ࢠ ܛܗ܋ቁ૚ −
⇔
ቀܛܗ܋ ૛
ࢠశ࢟
૛
ቁ
ܛܗ܋
࢟
૛
ܛܗ܋
ࢠ
૛
− ࢞ ܛܗ܋
ቀܛܗ܋ ૛
࢞శࢠ
૛
ቁ
ܛܗ܋
ࢠ
૛
ܛܗ܋
࢞
૛
− ࢟ ܛܗ܋
ቀܛܗ܋ ૛
࢟శ࢞
૛
ቁ
ܛܗ܋
࢞
૛
ܛܗ܋
࢟
૛
࢞ ܖܑܛ ૝ + ૚ቀ ૛ + ࢠ ܛܗ܋
૛
ܖܑܛ
࢟
૛
ܖܑܛ
ࢠ
૛
  ቁ
− ⇔
)ࢠ૛ ܖܑܛ + ࢟૛ ܖܑܛ + ࢞૛ ܖܑܛ(
ܛܗ܋ ૛
࢞
ܛܗ܋ ૛
࢟
ܛܗ܋૛
ࢠ
૛
࢞ ܖܑܛ૝ + ૚ቀ ૛ +
૛
ܖܑܛ
࢟
૛
ܖܑܛ
ࢠ
૛
 = ቁ
࢞ ܖܑܛ ૟૚− =
૛
ܖܑܛ
࢟
૛
ܖܑܛ
ࢠ
૛
࢞ ܖܑܛ૝ + ૚ቀ૛ +
૛
ܖܑܛ
࢟
૛
ܖܑܛ
ࢠ
૛
 ቁ
  otnat al roP
SOCIETATEA DE ȘTIINȚE MATEMATICE DIN ROMÂNIA 
ROMANIAN MATHEMATICAL SOCIETY 
  
Filiala Mehedinți - Mehedinți Branch 
www.ssmrmh.ro 
 
ܜ܉ܖ૛
࢞
૛
+ ܜ܉ܖ૛ ࢟
૛
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Solution 2 by Soumava Chakraborty-Kolkata-India 
෍ࢇ૛ ≥⏞
(૚)
෍(࢈ − ࢉ)૛ + ૝࢙ඨ૛(૛ࡾ − ࢘)
ࡾ
 
(1) ⇔ ૛∑ࢇ࢈ − ∑ࢇ૛ ≥ ૝࢙࢘ට૛(૛ࡾି࢘)
ࡾ
 
⇔ ૛(࢙૛ + ૝ࡾ࢘+ ࢘૛) − ૛(࢙૛ − ૝ࡾ࢘− ࢘૛) ≥ ૝࢙࢘ඨ૛(૛ࡾ − ࢘)
ࡾ
 
⇔ ૝࢘(૝ࡾ + ࢘) ≥ ૝࢙࢘ඨ૛(૛ࡾ − ࢘)
ࡾ
 
⇔ ࡾ(૝ࡾ + ࢘)૛ ≥ ૛࢙૛(૛ࡾ − ࢘) = ࢙૛(૝ࡾ − ૛࢘)   (2) 
Using Rouche’s inequality, 
࢙૛(૝ࡾ − ૛࢘) ≤ (૝ࡾ − ૛࢘)(૛ࡾ૛ + ૚૙ࡾ࢘ − ࢘૛) + +૛(૝ࡾ − ૛࢘)(ࡾ − ૛࢘)ඥࡾ૛ − ૛ࡾ࢘ ≤? ࡾ(૝ࡾ + ࢘)૛ඥࡾ૛ − ૛ࡾ࢘ 
⇔ ૡࡾ૜ − ૛ૡࡾ૛࢘ + ૛૞ࡾ࢘૛ − ૛࢘૜ ≥? 	૝(ࡾ − ૛࢘)(૛ࡾ − ࢘) 
⇔ (ࡾ − ૛࢘)(ૡࡾ૛ − ૚૛ࡾ࢘ + ࢘૛) ≥? ૝(ࡾ − ૛࢘)(૛ࡾ − ࢘)ඥࡾ૛ − ૛ࡾ࢘ 
⇔ ૡࡾ૛ − ૚૛ࡾ࢘ + ࢘૛ ≥? ૝(૛ࡾ − ࢘)√ࡾ૛ − ૛ࡾ࢘	(∵ ࡾ − ૛࢘ ≥ ૙)   (3) 
Now, ૡࡾ૛ − ૚૛ࡾ࢘ + ࢘૛ = ࢘૛(ૡ࢚૛ − ૚૛࢚ + ૚)   (where ࢚ = ࡾ
࢘
) = ࢘૛{ૡ(࢚૛ − ૝)− ૚૛(࢚ − ૛) + ૜૛ − ૛૝ + ૚} 
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 = ࢘૛{(࢚ − ૛)(ૡ࢚ + ૚૟ − ૚૛) + ૢ} = ࢘૛{(࢚ − ૛)(ૡ࢚ + ૝) + ૢ} > ૙,∵ ࢚ = ࡾ
࢘
≥ ૛  (Euler) 
∴ (3) ⇔ (ૡࡾ૛ − ૚૛ࡾ࢘ + ࢘૛)૛ − ૚૟(૛ࡾ − ࢘)૛(ࡾ૛ − ૛ࡾ࢘) ≥ ૙ 
⇔ ૚૟ࡾ૛࢘૛ + ૡࡾ࢘૜ + ࢘૝ ≥? ૙ → true 
⇒ (3) is true ⇒ (2) is true ⇒ (1) is true (Proved) 
 
 
 
 
 
